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Quantum duality is a far reaching concept in contemporary theoretical physics. In the present
paper, we reveal the quantum dualities in quantum anomalous Hall (QAH) phases through concrete
two bands Hamiltonian models. Our models can realize QAH phases with arbitrary large Chern
numbers. In real materials these models may be realized by stacked n layer systems of c1 = 1 QAH
insulators. The topological phase transitions that can change the Chern numbers are studied. And
we investigate the gapless edge modes of our models in details, and find a new mechanism for the
bulk boundary correspondence.
I. INTRODUCTION
Quantum duality is a profound and far reaching con-
cept in contemporary theoretical physics, which origins in
statistical mechanics and electromagnetism1. The emer-
gence of quantum duality in several areas of modern
physics, ranging from supersymmetrical gauge theories2
to superstring theory3, represents a major development
in our understanding to quantum field theory and to su-
perstring theory. Searching for similar quantum dualities
in condensed matter systems with topological phases4–6,
especially in the systems with quantum anomalous Hall
phases7–9, will be an interesting challenge.
A quantum anomalous Hall (QAH) phase is the quan-
tum Hall phase of some ferromagnetic insulators, which
can have quantized Hall conductance (characterized by
the first Chern number c1), contributed by dissipation-
less chiral states at sample edges, even without exter-
nal magnetic field10. Recently, the QAH effect has been
experimentally discovered in magnetic topological insu-
lator of Cr-doped (Bi, Sb)2Te3, where the c1 = 1 phase
has been reached11. Search for QAH phases with higher
Chern numbers could be important both for fundamen-
tal and practical interests, since the QAH effect with
higher Chern numbers can lower the contact resistance,
and significantly improve the performance of the inter-
connect devices. In recent years, there are many works in
this direction12–18. Despite so much progress, the QAH
phases that can have arbitrary large Chern numbers are
still unknown. To construct some concrete Hamiltonian
models that can realize this kind of phases may be a crit-
ical step to experimentally realize them.
In the present paper, we will reveal the quantum du-
alities in QAH phases through concrete two bands the-
oretical models. In real materials these models may be
realized by stacked n layer systems of c1 = 1 QAH insula-
tors. Our models can realize the QAH phases with arbi-
trary large Chern numbers, while in the previous works in
searching for large Chern number QAH phases the Chern
number is ordinarily bounded above. In the c1 = 1 case,
our models become the model introduced in19. But our
new models can reveal some novel phenomenons of the
QAH phases that can not be seen in the c1 = 1 case.
Firstly, our models reveal a kind of quantum duality of
the QAH phases. In this duality, the characterizing pa-
rameter g = t/m of a phase is equivalent to its inverse
g−1 = m/t. More specifically, under this quantum dual-
ity a model with parameter g = t/m is mapped to a dual
model with g′ = 1/g, which is describing the same phase.
Secondly, our models reveal a kind of peculiar quantum
self duality of the QAH phases. In this self-duality, a
model remains in the same topological phase under the
self dual transformation w(p)→ 1/w(p) (where w(p) is a
characterizing function of the topological phase). More-
over, our models exhibit a new mechanism for the bulk
boundary correspondence, which is more subtle than the
usual mechanism in the c1 = 1 case. Finally, in our
models, the novel topological phase transitions that can
change the Chern numbers can be theoretically studied
in details.
The present paper is organized as follows. In section
2, we construct a large class of models for QAH phases,
in these models, the novel quantum dualities in QAH
phases can be revealed. In this section, we also analyt-
ically derive a simple formula for the Chern numbers of
our models, by utilizing a homotopical argument. And
we will demonstrate that our models can realize the QAH
phases with arbitrary large Chern numbers. The topo-
logical phase transitions that change the Chern numbers
are also studied in details. Section 3 study the gapless
edge modes for the large Chern number phases. Where,
a new mechanism for bulk boundary correspondence will
be revealed. In the last section, we discuss some possible
further developments and applications of our theory.
II. QUANTUM DUALITIES, LARGE CHERN
NUMBERS, AND TOPOLOGICAL PHASE
TRANSITIONS
In this section we will reveal the remarkable quantum
dualities in QAH phases by constructing explicit Hamil-
tonian models. And we will demonstrate that our models
can realize the QAH phases with arbitrary large Chern
numbers. A simple formula for the Chern numbers of our
models will be analytically derived by utilizing a homo-
topical argument. And the intriguing topological phase
2transitions between the QAH phases with different Chern
numbers will also be investigated.
Let’s consider a class of two bands continuous models
for QAH phases, with the Bloch Hamiltonian given by
H(p) =
(
m+ t|w(p)|2 w(p)
w(p) −(m+ t|w(p)|2)
)
, (1)
where t andm are two real parameters, p = px+ipy is the
complex momentum. And the characterizing function
w(p) is a holomorphic function of p.
As we will prove later, this model H(p) (1) is dual to
the model H ′(p) given by
H ′(p) =
(
t+m|w(p)|2 w(p)
w(p) −(t+m|w(p)|2)
)
. (2)
In this duality, the w(p) in the original model H(p) is
replaced by the w(p) in H ′(p), and at the same time the
two real parameters m and t are switched. Therefore,
under this duality the characterizing parameter g = t/m
of H(p) is mapped to g′ = 1/g = m/t in the dual model
H ′(p). These two models H(p) and H ′(p) are dual to
each others since they always describe the same topolog-
ical phase (as we will proved). This duality is reminis-
cent of the Abelian duality of two dimensional quantum
field20.
It is easy to find the energy bands of (1), with
E(p)± = ±
√
(t|w|2 +m)2 + |w|2. (3)
Ifm 6= 0, the band gap will be open on the whole momen-
tum space. When m · t > 0, the system is topologically
trivial, since in this case we can continuously deform the
characterizing function w(p) to zero without closing the
band gap. But when m · t < 0, the system will transit
to a topologically nontrivial phase which can not be de-
formed to the m · t > 0 phase without closing the bulk
gap. In fact, in this case if we take t > 0, H(p) (1) will
be homotopically equivalent to( |w(p)|2 − 1 2w(p)
2w(p) −(|w(p)|2 − 1)
)
. (4)
The wave function Ψ(px, py) of the occupied band of
(4) can be easily carried out,
Ψ(px, py) =
(
1
−w(p)
)
/
√
1 + |w(p)|2. (5)
And one can easily calculate the Berry phase A = iΨ†dΨ
and Berry curvature F = dA. Consequently, one can
get a simple formula for the first Chern numbers of our
models (1),
c1 =
sign(t)− sign(m)
2
· i
2pi
∫
p
dw ∧ dw
(1 + |w|2)2 . (6)
Here we are integrating over the whole momentum space,
and we have assigned c1 = 0 for the topologically trivial
phase at m · t > 0.
By this Chern number formula (6), we can easily see
that our pair of models (1) and (2) always have the same
Chern numbers (since we switch t,m and w,w at the
same time, with t ↔ m w ↔ w), hence they are pair
of dual models that are describing the same topological
phase.
To give more explicit constructions for our models (1),
we now take the holomorphic function w(p) as
w(p) = A
n∏
i
(p− ai) = A
n∏
i
(px + ipy − ai), (7)
where A and ai, i = 1, ..., n are all complex parameters.
One can use our Chern number formula (6) to calculate
the Chern numbers of this kind of models (7). The result
is simply
c1 =
sign(t)− sign(m)
2
· n. (8)
For example, one can consider a particular model with
w(p) = p2+1 = (p+ i)(p− i)(Fig.1), in the topologically
nontrivial phase, this model has the Chern numbe c1 =
2. But since in our construction of (7) the integer n is
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FIG. 1: Conduction and valence bands of our sample model
with t = 0.01, m = −0.2 are plotted as functions of momen-
tum.
arbitrary and can be arbitrary large, hence our models
with the Hamiltonian given by (1) and the characterizing
holomorphic function w(p) given by (7) can realize QAH
phases with arbitrary large Chern numbers.
Therefore, to any given large integer n, we have con-
structed a concrete QAH effect model, with the Hall con-
ductance σH = −c1e2/h = −ne2/h21. In real materials
this model may be realized by stacked n layer systems
of c1 = 1 QAH insulators. And it is easily to see that if
n = 1, the holomorphic function w(p) in our models will
3become w(p) = A(px + ipy), and |w|2 ∝ p2, hence our
model (1) will become the model of19.
To study the topological phase transitions that can
change the Chern numbers, and to study the peculiar
quantum self duality of the QAH phases. We now allow
the characterizing function w(p) can be a meromorphic
function. And for simplicity, we further require w(p) →
A when p → ∞, where A is a complex constant. Hence
w(p) can be explicitly written as
w(p) = A
n∏
i
p− ai
p− bi = A
n∏
i
px + ipy − ai
px + ipy − bi , (9)
where ai are zeros of w(p), and bi are poles of w(p), all
these zeros and poles are located at different positions of
the complex p plane. Each zero ai can be paired with
a pole bi, hence our model is characterized by these n
zero-pole pairs {ai, bi}.
In our present constructions (9), by using the Chern
number formula (6), one can also get c1 = n · (sign(t) −
sign(m))/2. This can be seen even without explicit com-
putation since it is clear from (9) that the inverse function
p = p(w) is n−valued. This implies that the w−Riemann
sphere is covered n times by the p−Riemann sphere.
That is to say, in the topologically nontrivial phase, each
zero-pole pair will contribute a 1 to the Chern numbers.
For example, one can consider a particular model with
three zero-pole pairs, with w(p) = (p − i)(p − iω)(p −
iω2)/((p−1)(p−ω)(p−ω2))(Fig.2)(where ω = − 1
2
+
√
3
2
i),
in the topologically nontrivial phase, this model has the
Chern numbe c1 = 3.
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FIG. 2: Valence band E(p)
−
of our sample model with t =
0.01, m = −0.4 is plotted as function of momentum.
Now if we continuously deform the positions of zeros
and poles of the constructions (9), to let some zero ai co-
incide with some pole bj , with ai = bj , then this zero will
annihilate with this pole (as one can easily see from (9)).
In the topologically nontrivial phase, this zero-pole an-
nihilation will give rise to a topological phase transition
which will reduce the Chern numbers by 1.
Conversely, a zero-pole pair may be created by some
perturbations. This zero-pole creation will also give rise
to a topological phase transition which will increase the
Chern numbers by 1.
We now turn to the quantum self duality of the QAH
phases that can be revealed by our models. We first no-
tice that, in the constructions of (9), the statuses of zeros
and poles are equal. Thus our models are describing the
same topological phases under the zero-pole switching.
That implies that the same topological phase can be char-
acterized by zero-pole pairs {ai, bi} or by the switched
pairs {bi, ai}. We will call this zero-pole duality of the
QAH phases as the quantum self-duality.
This quantum self-duality can also be understood from
the Chern number formula (6). This formula has the
peculiar property that it is invariant under the self dual
transformation
w → 1
w
. (10)
This indicates that the QAH phases are self dual under
w(p) → 1/w(p). Of course, this self duality switches
the zeros and poles of the characterizing meromorphic
function w(p).
III. NOVEL MECHANISM FOR BULK
BOUNDARY CORRESPONDENCE
In this section, we will study the gapless edge modes of
the models (for QAH phases with arbitrary Chern num-
bers) that we proposed in last section. This study will
reveal a new mechanism for bulk boundary correspon-
dence, which can not be seen in the c1 = 1 case.
For simplicity, we will take the model with the char-
acterizing function w(p) = Ap2 as an example. This
model is homotopically equivalent (if we take t > 0) to
the Hamiltonian H(px, py) given by(
m+ |A|2(p2x + p2y)2 2A(px − ipy)2
2A(px + ipy)
2 −(m+ |A|2(p2x + p2y)2)
)
. (11)
Hence we will focus on the model with this specific Hamil-
tonian (11), but our conclusions can be applied to the
whole homotopically class.
As we have discussed in last section, if m > 0 this
model (11) will be in topologically trivial phase, while
when m < 0, it will be in a nontrivial phase with c1 =
2. In the m < 0 phase, the bulk low energy effective
theory of (11) is a Chern-Simons theory at level k =
c1 = 2
22, this theory is anomaly at the spatial boundary,
this anomaly should be cancelled by the chiral anomaly of
some gapless chiral edge modes23,24. This bulk boundary
correspondence tells us that in the m < 0 topologically
nontrivial phase the numbers of chiral edge modes in our
model (11) should be 2, while in the m > 0 phase, this
number should be 0. We will show that this is exactly
the case, but the detail mechanism is quite different with
the c1 = 1 case
7.
4In what follows, we will investigate the gapless edge
modes and the detail mechanism for bulk boundary cor-
respondence of our model (11), by solving this model in
half space with an open boundary condition.
Assuming that we are solving the model (11) in half
space with x ≥ 0. Hence py remains a good quantum
number, but the px in (11) should be replaced by the
operator p̂x = −i∂/∂x. Now, let’s firstly consider the
case of py = 0. From (11) we can see that in this case
the corresponding Hamilton operator Ĥ0 should be
Ĥ0 =
(
m+ |A|2∂4/∂x4 −2A∂2/∂x2
−2A∂2/∂x2 −(m+ |A|2∂4/∂x4)
)
. (12)
We will search for the normalizable zero energy solution
(zero mode) ψ(x) that satisfies Ĥ0ψ(x) = 0. The require-
ment of normalizability will impose a boundary condi-
tion, ψ(∞) = 0. Further more, p̂x should be a Hermitian
operator, this will impose another boundary condition,
ψ(0) = 0.
Assuming that the zero mode ψ(x) can be written as a
linear superposition of the functions in forms eλxφ, where
φ is a two components constant vector. By using the zero
mode equation we can have(
m+ |A|2λ4 − 2iλ2|A|τθ
)
φ = 0, (13)
where we have rewritten the complex parameter A as
A = |A|eiθ, and τθ is a 2 × 2 Hermitian matrix τθ =(
0 −ie−iθ
ieiθ 0
)
. We will denote the eigenvalues of τθ as
s, obviously s = ±1.
As one can easily see that, equation (13) means φ must
be one of the eigenstates of τθ with eigenvalue s, denoted
as φs, with τθφs = sφs. Consequently, equation (13)
becomes
|A|2λ4 − 2i|A|sλ2 +m = 0. (14)
The roots of this equation are (λ2)± = i(s±
√
1 +m)/|A|.
It is easy (by (14)) to see that, the roots for the case of
s = −1 are the complex conjugations of the roots for
s = 1. For any one of the two values of s, we have four
roots for λ, two of these roots have positive real parts,
and the other two have negative real parts. Only the
roots with negative real parts can satisfy the boundary
condition ψ(∞) = 0. We will denote these two roots
as λ1, λ2. Moreover, to satisfy the boundary condition
ψ(0) = 0 at the same time, the zero mode ψ(x) must
take the form of ψs(x), with
ψs(x) = (e
λ1x − eλ2x)φs. (15)
Now let’s consider the situation of py 6= 0. We will
take py as a small perturbation parameter. Obviously,
to satisfy the zero order (of py) equation Ĥ0ψ(x) = 0,
the wave functions of edge modes must be ψpy,s(x, y) =
ψs(x)e
ipyy.
Further more, from the full Hamiltonian (11), we can
read off the first order perturbation H ′
H ′ = 4
(
0 −iA
iA 0
)
pyp̂x = 4|A|τθpy p̂x. (16)
In what follows we will calculate the first order correc-
tion 〈ψpy ,s|H ′|ψpy ,s〉 to the dispersion relation of the edge
modes (noticing that 〈ψpy,±1|H ′|ψpy ,∓1〉 ∝ φ†±1τθφ∓1 =
0).
In the situation of m > 0, simple analysis tells us,
whatever s = 1 or s = −1, the two relevant roots λ1, λ2
are always proportional to λ1 ∝ − cos(pi/4) + i sin(pi/4),
λ2 ∝ − cos(pi/4)− i sin(pi/4) respectively. A few calcula-
tions show us, in this situation, 〈ψs|p̂x|ψs〉 = 0. Hence,
whenm > 0, although there are gapless excitations local-
ized at the boundary, but in this situation the dispersion
relation of these gapless edge modes must be in form of
ε(p2y) (since the first order correction is zero). Thus they
can not be chiral modes, just as required by the bulk
boundary correspondence.
In the situation of m < 0, detail analysis shows us, for
s = 1, both the two relevant roots λ1, λ2 are at the lower
half of the complex plane, thus have the forms of
λ1 = −a− bi, λ2 = −c− di, (17)
where a, b, c, d are all positive numbers. In this case, de-
tail calculations show us 〈ψs|p̂x|ψs〉 is a negative number,
proportional to −(bc + ad). And since φ†s=1τθφs=1 = 1,
hence 〈ψpy,s|H ′|ψpy,s〉 is proportional to −py. Therefore,
in the case of s = 1, there is a left moving chiral edge
mode, with the dispersion relation
ε = −vF py. (18)
For the case of s = −1, detail analysis shows us,
both the two relevant roots λ1, λ2 are at the upper
half of the complex plane. These two roots are the
complex conjugations of (17), thus have the forms of
λ1 = −a + bi, λ2 = −c + di. Detail calculation shows
us 〈ψs|p̂x|ψs〉 is now positive, in fact it is proportional
to (bc + ad). And since φ†s=−1τθφs=−1 = −1, hence we
also have 〈ψpy,s|H ′|ψpy,s〉 ∝ −py. Consequently, we
have another left moving chiral edge mode, also with the
dispersion relation (18). In summary, although the detail
mechanism is subtle, but in the m < 0 topologically
nontrivial phase, we have exactly two chiral edge modes,
just as required by the bulk boundary correspondence.
IV. CONCLUSION AND DISCUSSIONS
In this paper, the profound quantum dualities for QAH
phases have been studied through concrete Hamiltonian
models. In one kind of these quantum dualities, a model
with characterizing parameter g = t/m is dual to a model
with g′ = 1/g = m/t. In another kind of dualities, the
5QAH phases are self dual under w(p) → 1/w(p). These
quantum dualities are reminiscent of the quantum duality
of quantum gauge theory and superstring theory, and
may shed new lights on the understanding of topological
phases of quantum matters.
Moreover our models can realize the QAH phases with
arbitrary large Chern numbers. And we have studied
the gapless edge states of these models, and found a new
mechanism for the bulk boundary correspondence.
The studying for the chiral edge modes of quantum
anomalous Hall phase with arbitrary large Chern num-
bers may have potential applications in future electronic
devices, because the chiral edge modes can transport
electric current without dissipations, and the only resis-
tances are the contact resistances, these contact resis-
tances can be effectively reduced by the edge modes with
large Chern numbers.
We also theoretically study the topological phase tran-
sitions between the topologically nontrivial phases with
different Chern numbers. These topological phase transi-
tions are triggered by the annihilations or creations of the
zero-pole pairs of the characterizing meromorphic func-
tion w(p).
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